Abstract An analytical study is performed on steady, laminar, and fully developed forced convection heat transfer in a parallel plate channel with asymmetric uniform heat flux boundary conditions. The channel is filled with a saturated porous medium, and the lower and upper walls are subjected to different uniform heat fluxes. The dimensionless form of the DarcyBrinkman momentum equation is solved to determine the dimensionless velocity profile, while the dimensionless energy equation is solved to obtain temperature profile for a hydrodynamically and thermally fully developed flow in the channel. Nusselt numbers for the lower and upper walls and an overall Nusselt number are defined. Analytical expressions for determination of the Nusselt numbers and critical heat flux ratio, at which singularities are observed for individual Nusselt numbers, are obtained. Based on the values of critical heat flux ratio and Darcy number, a diagram is provided to determine the direction of heat transfer between the lower or upper walls while the fluid is flowing in the channel.
Introduction
Convective heat transfer in porous media has broad technological applications such as in oil recovery, water supply management in hydrogeology, geothermal exploitation, ground heat storage, building thermal insulation, nuclear waste disposals, radioactive waste management, ground water flow modeling, etc. It is also a subject of interest in environmental and geophysics sciences. A wide applications of the porous media can be found in the well known books by Nield and Bejan (2006) , Ingham and Pop (2005) , Liu and Masliyah (2005) , Vafai (2010) , Pop and Ingham (2001) , Bejan et al. (2004) , and Vadasz (2008) , and in the recent article by Harris et al. (2009) . They provide significant information on porous media application as well as basic description of heat and fluid flow in porous media. Literature survey showed that several studies on heat and fluid flow in channels filled with a porous medium have been performed due to importance of the subject. Most of the studies have been performed on channels with symmetrical boundary conditions. For instance, Hooman (2008) investigated analytically the fully developed forced convection flow in a porous medium bounded by two isoflux parallel plates on the basis of Darcy-Brinkman-Forchheimer model. The related momentum and energy equations were solved by an asymptotic technique and they found that the value of the Nusselt number is sensitive to the magnitude shape parameter of the porous media, and it is improved with an increase in the value of this parameter. Nield et al. (2004) studied the effects of the viscous dissipation and flow work for a forced convection flow in a channel filled by a saturated porous medium with the walls either held at uniform temperatures or subjected to uniform heat fluxes. The Darcy-Brinkman model was used, and the governing equations were solved analytically. Fully developed flow through a straight porous channel for different flow mechanisms was considered also by Awartani and Hamdan (2005) to study the effects of the porous matrix and the microscopic inertia on the velocity profiles. They obtained velocity profiles for the Darcy-Lapwood-Brinkman and the Darcy-Forchheimer-Brinkman models, and compared the obtained results with the corresponding solutions of the Navier-Stokes flow for Poiseuille, Couette, and Poiseuille-Couette flow regimes. Mobedi et al. (2010) performed an analytical study on the laminar and fully developed forced convection heat transfer in a parallel plate horizontal channel filled with an anisotropic permeability porous medium. The principal axis of the anisotropic porous medium was oriented from 0 to 90 • , and a constant heat flux was applied on the outer wall of the channel. Both clear (Newtonian) and Darcy viscous dissipations in the energy equation were considered. They observed that for a particular value of the directional permeability ratio parameter, the external heat applied to the surface of the channel is balanced by the internal heat generation due to viscous dissipation. It is shown that the mean bulk temperature approaches the wall temperature and consequently the Nusselt number becomes infinite. Further studies on heat and fluid flow in porous channels under symmetrical boundary conditions can be found in the literature (Hooman and Ranjbar-Kani 2003, 2004; Tada and Ichimiya 2007; Degan et al. 2002; Kaviany 1985) .
A survey of the literature revealed that the number of studies on heat and fluid flow in channels with asymmetric boundary conditions are scarce. For channels and ducts filled with a clear (Newtonian) fluid, the well known book by Shah and London (1978) provides useful information for scientists concerning the asymmetric heating or cooling problems. They investigated the effects of asymmetric boundary conditions for parallel plate channels and circular ducts. In a very good article, Nield (2004) has performed a theoretical study on heat and fluid flow of a viscous (Newtonian) fluid in a parallel plate channel with asymmetric temperature and asymmetric heat flux boundary conditions. He reported that the individual wall Nusselt numbers may not provide sufficient information on heat transfer rate from the channel since the value of the Nusselt number becomes infinite when the heat flux ratio takes the value of 26/9. Hence, Nield (2004) defined an overall Nusselt number based on the average wall heat flux and average wall temperature, respectively. He found that the Nusselt number is independent of the heat flux ratio for the symmetrical flows. He also found that the value of the overall Nusselt number is 140/17 for the Poiseuille flow in a parallel plate channel. Recently, Mitrovic and Maletic (2007) investigated the effect of thermal asymmetric boundary conditions on laminar forced convection heat transfer in a porous plane channel with Darcy dissipation. The walls of the channel were kept at different uniform temperatures. They showed that the thermal asymmetry can lead to a reversal of the heat flux and the corresponding Nusselt number can drop from infinite positive to infinite negative values, or vice versa. The change of the boundary conditions from uniform wall temperature to uniform heat flux leads to a quite different problem (Lin and Wu 1997; Merkin 2009 ). Thus, the reported results by Mitrovic and Maletic (2007) cannot be used for the present problem concerning boundary condition with asymmetric heat flux.
The problem of forced convection heat transfer in channels and ducts filled with porous media is encountered in many engineering applications, such as hot air flow in crop beds for drying or gas flow in adsorbent beds for separation purposes. In the most practical applications, the mechanical power is used to provide the forced convection fluid flow in the channel and the buoyancy effect due to temperature gradient being neglected. The viscous dissipation effect is also neglected for such kind of flows. Pu et al. (1999) performed an experimental study on mixed convection heat transfer in a vertical packed channel with asymmetric heating of opposing walls. They showed that for the asymmetric heated channels with Ra/Pe < 1, the buoyancy effect can be neglected and forced convection becomes the dominant mode of heat transfer.
The aim of this study is to (a) show the effectiveness of the method proposed by Nield (2004) for the channels filled with porous media; (b) discuss the discontinuity in the Nusselt number of each wall and (c) introduce critical heat flux ratio by which heat flux direction between the walls and fluid flowing in the channel can be predicted. Forced convection mode of heat transfer is considered as a dominant mechanism of heat transfer and viscous dissipation is assumed negligible. A special attention is given to the reversal heat flux at boundaries due to different imposed heat fluxes. The Darcy-Brinkman model is used to determine the velocity profiles in the porous channel. This article is the extension studies by Nield (2004 Nield ( , 2008 for a porous parallel plate channel including a detailed discussion on the physical meaning of the obtained results. Thus, it is shown that the overall Nusselt number can be obtained easily based on the average wall temperature and average heat flux imposed at the lower and upper walls, and the individual Nusselt number can then be calculated from the expression of the overall Nusselt number. Based on the explained method, expressions for the overall and individual Nusselt numbers in terms of the shape parameter of the porous media and/or heat flux ratio are obtained. To assure that the obtained results are correct, the dimensionless forms of the Darcy-Brinkman momentum and energy equations are solved both analytically and numerically. To our best of knowledge, the present problem has not been studied before in the aforementioned manner, so that the obtained results are new and original.
The Considered Problem
A two-dimensional parallel plate channel filled with a porous medium and saturated with an incompressible fluid which is in local thermodynamic equilibrium is considered. The physical model is depicted in Fig. 1 , where the Cartesian coordinates x and y are measured along the channel and normal to it, respectively. The channel has a rectangular cross section with height of 2H . It is assumed that the uniform heat fluxes, q l and q u , are applied to the channel walls. The heat flux q l has a positive direction, while the direction of q u is negative. That is why the lower and upper heat fluxes are shown by q l (+) and q u (−), respectively. The ratio of
It is also assumed that the flowing fluid in the channel is Newtonian and its thermophysical properties are assumed to be constant. The porous medium is isotropic with permeability K . The flow in the channel is steady, laminar, and hydrodynamically and thermally fully developed. 
where u and v are the velocity components in the x-and y-directions, and p is the fluid pressure. Because v vanishes for a unidirectional flow in the channel, the Darcy-Brinkman equation for a unidirectional fully developed flow in the channel can be written as:
where μ represents the dynamic viscosity of the fluid and μ eff is the effective viscosity whose value depends on the structure and geometry of the porous medium and of the flow strength (Liu and Masliyah 2005) . By considering Fig. 1 , the boundary conditions for Eq. 2 can be written as
and the mean velocity in the channel can be determined by the following equation:
To obtain the dimensionless form of the Darcy-Brinkman momentum and energy equations, the following dimensionless parameters are defined:
Substituting parameters of (5) into Eq. 2 yields the following dimensionless form of the Darcy-Brinkman momentum equation:
This equation can be also rewritten in the following form:
where the coefficient S is called as porous media shape parameter and defined as:
The dimensionless form of the boundary conditions for Eq. 7 can also be expressed in the following form:
The analytical solution of Eq. 7 with the given boundary conditions (9) yields the dimensionless velocity profile
We can also define the dimensionless mean velocity as
By using Eqs. 10 and 11, U can be calculated as
Furthermore, the dimensionless velocity profile can be normalized by the following relation:
Based on the obtained dimensionless velocity given by Eq. 10, and the dimensionless mean velocity of Eq. 12, the dimensionless normalized velocity can be obtained aŝ
On the other hand, for a thermally and hydrodynamically fully developed laminar flow in a parallel plate channel, the energy equation can be written as
where ρ is the fluid density, c p is the specific heat at constant pressure, and k is the fluid thermal conductivity. Two new variables, namely, the average wall heat flux q μ and the average wall temperature T wμ , are defined as
The following equations are valid for the heat fluxes at the lower and upper walls:
Since the heat fluxes, q l and q u , are constant, the differentiation of Eq. 17 with respect to x yields the following relation:
The energy equation, Eq. 15, can be made dimensionless by using Eq. 5, and the condition of the fully developed forced convection heat transfer in a channel (i.e., ∂θ/∂x = 0). Then, the energy equation can be obtained in the following form:
Further, if a control volume with height of 2H is considered in the channel and the conservation of energy principle is applied, the following relation can be obtained:
By substituting (20) into Eq. 19, the energy equation can be written in the following form:
Based on Eq. 16, the average wall heat flux fluxes and the average wall temperatures can be used to define the overall Nusselt number as follows (Nield 2004) :
We notice that the average Nusselt number is defined based on the height of the channel. Therefore, instead of two individual Nusselt numbers for the upper and lower walls, a single Nusselt number can be defined. The dimensionless form of the energy equation (15) can be obtained by substituting Eq. 22 into Eq. 21. Thus, we get
where the normalized dimensionless velocityû is defined by Eq. 13. According to the model of the problem shown in Fig. 1 and by substituting T wl and T wu into the dimensionless temperature equation, Eq. 5, the following boundary conditions for the energy equation (23) can be obtained as:
where
It should be mentioned that the dimensionless temperature profile along channel, including dimensionless wall temperature, is not changed for thermally and hydraulically fully developed flows. The solution of Eq. 23 under the boundary conditions (24) gives the following analytical solution for the dimensionless temperature distribution in the channel:
As can be seen from Eq. 26, the dimensionless temperature distribution is a function of the overall Nusselt number Nu, the porous media shape parameter S and the parameter of β. According to Eq. 25, the value of β depends on the surface and mean temperatures, which are unknown. In order to find another expression for β in terms of the heat fluxes, further manipulations should be done. The heat fluxes at the walls can be defined as
The differentiation of the dimensionless temperature respect to Y at Y = -1 and Y = 1 can be calculated from the Eq. 26. The ratio of the expressions (28) yields a new definition for β in terms of heat flux ratio as:
Here, the compatibility condition
can be used to obtain an expression for the overall Nusselt number Nu. Thus, Nu can be obtained by substituting (14) and (26) into (30). Thus, the following expression can be obtained for Nu after the integration procedure:
As it was mentioned before, it is possible to obtain expressions for individual Nu numbers (Nu l and Nu u ) using the expression (31) for Nu. The individual Nu numbers for the lower and upper plates are defined as:
Further, the energy conservation principle can be applied at each wall of the channel and the following expressions can be obtained: After determination of the dimensionless temperature gradient at the walls using Eq. 26 and performing some mathematical manipulations, the individual Nu numbers can be determined from Eq. 33 as:
where q r is the heat fluxes ratio (i.e., q r = q l /q u ). The overall Nu number can be calculated from Eq. 31 for a given porous channel and by substituting the Nusselt number and heat flux ratio into Eq. 34, the expressions for the individual Nu numbers can be obtained. Figure 2 shows the sign of the Nusselt number according to the direction of the heat fluxes between the walls of the channel. For example, the positive value of Nu number at the lower plates indicates the heat transfer from the wall to the porous media, while the negative value of Nu number refers to the heat transfer from the fluid to the lower plate. The denominators of Eq. 34 take zero value for the specific values of the heat fluxes ratios defined as
where q rl,cr and q ru,cr represent the critical heat flux ratios for the lower and the upper plates, respectively. Singularities in the individual Nu numbers exist at these critical heat flux ratios. The values of Nu numbers at the lower and upper plate approach to infinity and the heat transfer at the lower and upper plates changes its direction at q rl,cr and q ru,cr .
Numerical Analysis
As it was mentioned in the preceding section, the dimensionless governing equations for hydrodynamically and thermally fully developed flow in a porous channel are the DarcyBrinkman momentum equation and the energy equations, namely, Eqs. 7 and 23. We will present further, numerical results for these equations. The Darcy-Brinkman Eq. 7 along with the boundary condition (9) is solved by a finite-difference method. The following transformation is used for the compatibility condition:
Since the overall Nusselt number is constant for the fully developed flow in the channel, a new form of the dimensionless energy equation (23) and boundary conditions based on the Ψ function can be obtained as:
subject to the boundary conditions
Therefore, the new form of the compatibility condition is given now by
We notice that the boundary conditions (38) depend on the overall Nusselt number, which is unknown yet. The distribution of Ψ is found according to an initial guess value for the overall Nusselt number. Then, a new value for Nu number is found using the compatibility condition (39). This new value of the overall Nusselt number was used to obtain the new distribution of Ψ and consequently the new value for overall Nusselt number is obtained. The procedure is continued until the absolute difference between the new and old calculated Nusselt numbers becomes less than 10 −9 . The number of nodes in the Y -direction is 200 in the performed numerical study.
Results and Discussion
The overall and individual Nusselt numbers are calculated and their changes with the Darcy number and heat flux ratio are discussed via graphics and tables. In order to easily realize the physical meaning of the obtained analytical solutions, the value of the viscosity ratio is assumed as 1 (i.e., M = 1) and the discussion is performed based on the Darcy number.
As it was mentioned before, the energy equation is solved both numerically and analytically to ensure that the obtained results are correct. Table 1 shows the overall and individual Nu numbers calculated both analytically and numerically for a channel with Da = 0.01 and for four different values of the heat flux ratio q r as 1, 2, 10, and 100. As can be seen from Table 1 , there is a good agreement between the numerical and analytical solutions. Table 2 is also prepared to indicate the accuracy of the obtained results. In this table, the overall and individual Nusselt numbers for two channls (one is a channel filled with a porous medium with Da = 1000 and for another channel filled with a clear fluid) are presented for different values of the heat flux ratios, q r . Table 2 shows that the overall and individual Nusselt numbers are almost identical for the two considered channels. Figure 3 shows the variation of the overall Nusselt number with Darcy number. As can be seen from Eq. 31, the overall Nusselt number does not depend on the heat flux ratio. For a specified Darcy number, the value of the overall Nusselt number is constant. No singularity is observed in the variation of the overall Nusselt with Darcy number. Hence, it can be calculated the heat transfer rate to/from the parallel plates for the entire possible values of heat flux ratio and Darcy number. The total heat transfer rate for different channels can be easily calculated and compared with each others if the definition of the overall Nusselt number is considered. Figure 3 indicates that the overall Nusselt number steeply drops with the increase of Darcy number in the region of Da < 1. The value of the overall Nusselt number becomes almost constant for high values of the Darcy number (i.e., Da 1). For high values of Darcy number (i.e., fluid behaves like a clear fluid) the overall Nusselt number takes value of 4.11 which is identical to the value of the Nusselt number for a fully developed flow in a channel filled with a clear (viscous) fluid of height 2H (Nield 2004) . The variations of the Nusselt numbers Nu l and Nu u at the lower and upper plates of the channel with the heat flux ratio q r are illustrated in Fig. 4a and b, respectively. These figures were prepared for a flow in a channel with Da = 100, to first discuss the heat and fluid flow in a channel filled with a clear fluid and with asymmetry heat flux boundary conditions. As can be observed from Fig. 4a , the value of Nu l is almost zero for low values of the heat flux ratio q r such as, for example, q r = 10 −1 . Thus, for low values of q r , the value of Nu l is negative and it refers to the fact that the heat transfer takes place from the fluid to the lower plate. For values of q r greater than q r = 10 −1 , the values of Nu l decrease with increase in q r . This trend continues up to a heat flux ratio of q r = 0.346. The value of Nu l is changed at q r = 0.346 and it then takes positive values at the lower plate of the channel. A singularity value of the Nusselt number at the lower plate, Nu l , is observed at q r = 0.346. In this study, the heat flux ratio q r at which the heat flux between wall and fluid changes its direction is called a critical heat flux ratio. It found also that in the channels with Da = 100, Nu l at the lower plate takes positive value in the region of q r > q rl,cr , and the value of Nu l decreases with the further increase of the heat flux ratio in the region of q r > q rl,cr . The value of Nu l approaches to 2.789 for high values of the heat flux ratio q r , such as q r = 10. On the other hand, the variation of the Nusselt number at the upper plate, Nu u , with the heat flux ratio q r is shown in Fig. 4b when Da = 100. It is noticed that for low values of the heat flux ratio q r , such as q r = 10 −1 , the value of Nu u is almost constant and equals to Nu u = −2.789. It is also observed that the value of Nu u is negative, which indicates that the heat transfer takes place from the upper plate to the fluid. It is further noticed that the value of Nu u decreases with the increase of the heat flux ratio q r , and at a critical value of q r , namely, q ru,cr = 2.889, Nu u changes its direction so that the Nusselt number at the upper plate, Nu l , takes positive values. This change of the heat flux direction refers to the heat transfer from the fluid to the upper plate. For the regions with q ru,cr > 2.889, further increase in heat flux ratio q r causes Nu u approaches to zero so that the upper plate behaves like an insulated wall. In fact, Fig. 4 shows that three different heat flux regions should be considered in analyzing of the heat transfer in a porous channel with asymmetric boundary conditions. The first region is the region with q r > q rl,cr , for which the value of the Nusselt number at the lower plate, Nu l , is negative and heat is transferred from the fluid to the lower plate. In this region, the value of the Nusselt number at the upper plate, Nu u , is also negative and it refers to the heat transfer from the upper plate to the porous medium. The second region is the region in which q rl,cr < q r < q ru,cr . In this region, the values of Nu l are positive, while Nu u takes negative values. Heat is transferred here from the both upper and lower plates to the porous media. The third region is characterized by q r > q ru,cr for which the values of both Nu l and Nu u are positive. This shows that heat is transferred from the lower plate to the fluid, while the upper plate receives heat from the fluid flowing through the channel. Figure 5 shows the changes of the individual Nusselt numbers with the heat flux ratio q r for Da = 0.1, 0.01, and 0.001. As can be observed, the changes of Nu l for different values of the Darcy numbers are very similar to the variation of Nu l with Da = 100. This feature reveals that the value of critical heat flux ratio q r is not constant for a porous channel and it varies with the Darcy number. By decrease of the Darcy number, the critical value of the heat flux ratio at the lower plate slightly increases, while a small decrease of the critical heat flux ratio at the upper plate is observed.
Finally, Fig. 6 indicates the variation of the critical heat flux ratio at the lower and upper plates with the Darcy numbers between 10 −5 and 10 2 . The value of the critical heat flux at the lower plate is about 0.4, while the value of the critical heat flux at the upper plate is about 2.5. As can be observed from Fig. 6 , the heat transfer between the upper and lower plates with the fluid flowing in the channel can be divided into three regions. Once the value of the Darcy number (or S parameter) is known for a channel filled with porous media, the critical heat flux ratio for the lower and upper plates can easily be found by using Eq. 35. The direction of the heat transfer between the plates and fluid flowing in the channel can be predicted by comparing the obtained critical heat flux ratio at the upper and lower plates and the subjected critical heat flux ratio to the channel. For example, for a porous channel with Da = 10 −4 and M = 1, the critical heat flux ratio for the lower plate is q rl,cr = 0.492 and for the upper plate it is q ru,cr = 2.029. Hence, for the same channel with q r = 0.1, it is easy to predict that heat is transferred from the upper plate to the fluid and also from fluid to the lower plate since q r < q rl,cr and q r < q ru,cr , respectively. For the same channel but with q r = 1, the direction of the heat transfer at the lower plate is changed. For this channel, heat is transferred from the lower plate to the fluid since q r > q rl,cr and the transfer of heat from upper plate to the fluid continues until the condition q r < q ru,cr is realized. Finally, for the same porous channel with q r = 5, the direction of heat transfer at the upper plate is changed and heat is transferred from the fluid to the upper plate because of the condition q r > q ru,cr . The transfer of heat from the lower plate to the channel continues until the condition q r < q rl,cr is realized. It should be mentioned that the critical heat flux ratio is almost constant for very small values of the Darcy number (Da < 0.001) or large values of the Darcy number (Da > 10) as can be observed in Fig. 6 . The steady fully developed flow and heat transfer in a channel filled with a porous medium and with asymmetric boundary conditions are analyzed. Based on the ratio of heat fluxes applied at the walls, analytical expressions are determined for the individual and overall Nusselt numbers. Using the overall Nusselt number, defined based on the average walls heat fluxes and average wall temperatures, can determine the total heat transfer rate between the plates and the flowing fluid. It is found that the variation of the overall Nusselt number is continuous for all considered values of the Darcy number, and it does not depend on the heat flux ratio. However, it does not provide any information about the direction of the heat flux between the plates and fluid. Hence, expressions for the individual Nusselt numbers are also necessary in practice. Critical values of the heat flux ratio, at which the heat transfer changes its direction at the plate, is defined and determined in this study. It is shown that the critical heat flux ratio for each plate is a function of the Darcy number when the dynamic viscosity ratio is 1 (M = 1). The obtained results showed that three different regions can be defined according to the lower and upper critical heat flux ratios. The directions of the heat fluxes at the lower and upper plates are different in these three regions. For a porous channel with specified heat flux ratio and Darcy number, the direction of heat transfer at the lower and upper plates with fluid flowing in the porous media can be predicted by comparing the imposed heat flux ratio and the critical heat flux ratio for the each plate.
